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1.1 Introduction

These lectures are a basic introduction to what is now known as (cavity) optome-
chanics, a �eld at the intersection of nanophysics and quantum optics which has de-
veloped over the past few years. This �eld deals with the interaction between light
and micro- or nanomechanical motion. A typical setup may involve a laser-driven
optical cavity with a vibrating end-mirror, but many di�erent setups exist by now,
even in superconducting microwave circuits (see Konrad Lehnert's lectures) and cold
atom experiments. The �eld has developed rapidly during the past few years, starting
with demonstrations of laser-cooling and sensitive displacement detection. For short
reviews with many relevant references, see (Kippenberg and Vahala, 2008; Marquardt
and Girvin, 2009; Favero and Karrai, 2009; Genes, Mari, Vitali and Tombesi, 2009). In
the present lecture notes, I have only picked a few illustrative references, but the dis-
cussion is hopefully more didactic and also covers some very recent material not found
in those reviews. I will emphasize the quantum aspects of optomechanical systems,
which are now becoming important. Related lectures are those by Konrad Lehnert
(speci�c implementation in superconducting circuits, direct classical calculation) and
Aashish Clerk (quantum limits to measurement), as well as Jack Harris.

Right now (2011), the �rst experiments have reported laser-cooling down to near
the quantum ground state of a nanomechanical resonator. These achievements have
unlocked the door towards the quantum regime of optomechanics. The quantum regime
will now start to be explored, and the present lectures should provide the basics needed
for understanding those developments. In general, the �eld is driven by a variety of
di�erent goals and promising aspects, both fundamental and applied:

• Applications in ultrasensitive measurements (of small displacements, forces, mass
changes etc.), with precisions down to the limits set by quantum mechanics.

• Possible fundamental tests of quantum mechanics in a new regime of massive
objects (∼ 1014 atoms!) being placed into superposition states or getting entangled
with other quantum objects. This might be used to test speculations about novel
decoherence mechanisms, such as gravitationally induced collapse of the wave
function.
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• Hybrid systems: Mechanical motion couples to many di�erent systems (light,
atoms, superconducting qubits, microwave resonators, spins, etc.), and can there-
fore be used as an interface between quantum systems. Optomechanics may pro-
vide the most e�cient way of converting quantum information at GHz frequencies
(such as in superconducting qubits) up to optical frequencies, into �ying qubits.

• Classical signal processing: Optomechanics provides tunable nonlinearities (for the
light �eld and the mechanical motion) that may be exploited for on-chip signal
processing, potentially integrated with sensing.

• Quantum information processing: Qubits (or continuous variable quantum states)
may be stored in relatively long-lived mechanical excitations which can be ma-
nipulated and read out by the light �eld.

• Optomechanical arrays and circuits: A recent experimental development, in which
vibrating photonic crystal structures are fabricated on a chip, will allow for more
complex setups with many optical and vibrational modes, coupling to optical and
phononic wave guides.

1.1.1 Interaction between light and mechanics

Consider the most elementary light-matter interaction, a light beam scattering o� any
arbitrary object (atom, molecule, small glass sphere, nanobeam, ...). There is always
elastic light scattering, with the outgoing light frequency identical to the incoming
frequency: ω′ = ω. Inelastic scattering, in contrast, will be accompanied by excitation
or de-excitation of the material object. For example, internal atomic transitions may
be excited. However, independent of the internal electronic details of the atoms or
molecules, it is always possible to have Raman scattering due to the object's mechanical
vibrations: ω′ = ω ± Ω, where Ω is the vibrational frequency.

The vibrations gain or lose energy, respectively, for these Stokes/anti-Stokes pro-
cesses (ω′ = ω ∓ Ω). If both of these processes occur at an equal rate, the vibrations
will merely heat up. This is not a very surprising outcome for shining light on an
object!

However, one may use an optical cavity to suppress the Stokes process. Then,
the photons are preferentially back-scattered blue-shifted, ω′ = ω + Ω, carrying away
energy. This is the principle of cavity-assisted laser cooling! Although the same can be
(and is) done with internal atomic resonances, using a cavity means independence of
the internal structure of the atoms that constitute the object. Thus, we arrive at the
basic optomechanical setup: A laser-driven optical cavity coupled to the mechanical
vibrations of some object. This is a very generic setting. The purpose of the cavity is to
select optical frequencies (e.g. to suppress the Stokes process), to resonantly enhance
the light intensity (leading to much stronger radiation forces), and to enhance the
sensitivity to the mechanical vibrations.

We will see that this setup displays features of a true two-way interaction between
light and mechanics. This is in contrast to optical tweezers, optical lattices, or vibra-
tional spectroscopy, where the light �eld controls the mechanics (or vice versa) but
the loop is not closed.
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Fig. 1.1 The standard schematic optomechanical setup, with a mirror on a nanobeam (left).

Many other versions exist, for example in the form of a vibrating microtoroidal whispering

gallery mode resonator (right).

The general goal in optomechanics, based on these ideas, is to cool, control, and
readout (nano-)mechanical motion via the light �eld, and to use the mechanics to
produce interesting states of the light as well.

1.1.2 Basic optomechanical Hamiltonian

Consider a laser-driven cavity, whose optical resonance frequency is controlled by the
displacement x̂ of some object (e.g. a moveable end-mirror):

Ĥ = ~ω(x̂)â†â+ ~Ωb̂†b̂+ . . . (1.1)

The dots stand for terms such as laser driving, photon and phonon decay which will
be taken into account later. Here x̂ = xZPF(b̂ + b̂†) is the displacement of the one
vibrational mode we pick for consideration (neglecting all the other normal modes for
the moment). xZPF = (~/2mΩ)1/2 is the size of the mechanical zero-point �uctuations
(width of the mechanical ground state wave function). For many setups, this is of the
order of 10−15m!

The optical resonance frequency can be expanded in the displacement, with L the
cavity length and ωcav the optical resonance frequency for x = 0:

ω(x̂) = ωcav(1−
x̂

L
+ . . .) (1.2)

Thus, Ĥ contains a term of the type −F̂ x̂, where we identify F̂ as the radiation
pressure force:

F̂ =
~ωcav

L
â†â . (1.3)

In summary, the standard optomechanical Hamiltonian reads:
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Ĥ = ~ωcavâ
†â+ ~Ωb̂†b̂− ~g0â†â(b̂+ b̂†) + . . . (1.4)

Here we have identi�ed

g0 = ωcav
xZPF

L
(1.5)

as the optomechanical single-photon coupling strength. It represents the optical fre-
quency shift produced by a zero-point displacement. Therefore, the optomechanical
coupling term to be used in the following is:

−~g0â†â(b̂+ b̂†) . (1.6)

In essence, we are facing a parametric coupling where a mechanical displacement
controls the frequency of some (driven) resonance. It is no surprise, then, that this
is a rather generic situation which can be obtained in many di�erent setups.

1.1.3 Many setups

By now, a large variety of optomechanical systems is being investigated, (almost) all
of them described by the same Hamiltonian. In each case, we are able only to cite a
few examples, to provide an entry into the literature:

• moveable mirrors on a cantilever or nanobeam, e.g. (Arcizet, Cohadon, Briant,
Pinard and Heidmann, 2006; Gigan, Böhm, Paternostro, Blaser, Langer, Hertzberg,
Schwab, Bäuerle, Aspelmeyer and Zeilinger, 2006; Favero, Metzger, Camerer,
König, Lorenz, Kotthaus and Karrai, 2007)

• microtoroids with optical whispering gallery modes, e.g. (Schliesser, Del'Haye,
Nooshi, Vahala and Kippenberg, 2006)

• membranes/nanowires inside or next to a cavity, e.g. (Thompson, Zwickl, Jayich,
Marquardt, Girvin and Harris, 2008; Favero, Stapfner, Hunger, Paulitschke, Re-
ichel, Lorenz, Weig and Karrai, 2009; Anetsberger, Arcizet, Unterreithmeier, Riv-
ière, Schliesser, Weig, Kotthaus and Kippenberg, 2009)

• atomic clouds, e.g. (Murch, Moore, Gupta and Stamper-Kurn, 2008; Brennecke,
Ritter, Donner and Esslinger, 2008)

• nanobeams or vibrating plate capacitors in superconducting microwave resonators,
e.g. (Regal, Teufel and Lehnert, 2008; Teufel et al., 2011)

• photonic crystals patterned into free-standing nanobeams, e.g. (Eichen�eld, Ca-
macho, Chan, Vahala and Painter, 2009; Chan et al., 2011)

1.1.4 Typical scales

These setups span a large range of scales, of frequencies

Ω ∼ kHz−GHz,

and masses

m ∼ 10−15kg − 1g.

The typical values of g0 for real mechanical setups (as opposed to atomic clouds whose
small masses give a large xZPF) are rather small; e.g. for a L ∼ 1cm cavity, we would
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get g0 ∼ 100Hz. Reducing the size of the cavity down to a wavelength, L ∼ 1µm,
increases g0 up to MHz. This is achieved in the photonic crystal setups.

The typical decay rates are: For the mechanical damping

Γ ∼ Hz−MHz , (1.7)

with good setups reaching quality factors Q = Ω/Γ of 105 up to 107. The optical decay
rate depends on the cavity size and typically ranges around

κ ∼ MHz−GHz . (1.8)

1.1.5 Basic optomechanics: Classical picture

Plotting the circulating light intensity vs. displacement x, we get a series of Fabry-Perot
resonances, spaced by λ/2. The intensity is proportional to the radiation pressure force
F (x), and we can convert this force into a potential, V ′rad(x) = −F (x), which displays
a series of rounded steps. Adding this to the mechanical harmonic oscillator potential
reveals the possibility of having several stable minima (�static multistability�). When
sweeping external parameters back and forth, this can lead to hysteresis, as the system
follows �rst one and then another branch (�rst seen in (Dorsel, McCullen, Meystre,
Vignes and Walther, 1983)). For example, this e�ect is routinely observed in recording
the optical transmission while sweeping the laser detuning, provided the laser intensity
is strong enough.

In addition, the slope of F (x) de�nes a modi�cation of the mechanical spring
constant,

D = D0 −
dF

dx
, (1.9)

a feature known as �optical spring e�ect�.
However, this picture is incomplete, as it neglects retardation e�ects introduced

by the �nite cavity photon decay rate κ. The force follows the motion only with some
time delay. This leads to e�ects such as friction. For example, assume the equilibrium
position to sit somewhere on the rising slope of the resonance. In thermal equilibrium,
there will be oscillations around this position. We want to ask what is the e�ect of the
delayed radiation force during one cycle of oscillation. It turns out that the work done

�
Fdx < 0 (1.10)

is negative, i.e. the radiation force extracts mechanical energy: there is extra, light-
induced damping. Radiation-induced damping of this kind has �rst been observed in
pioneering experiments with a microwave cavity by Braginsky and coworkers 40 years
ago (Braginsky, Manukin and Tikhonov, 1970). This can be used to cool down the
mechanical motion, which is important for reaching the quantum regime! More on this
later.
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Fig. 1.2 E�ective mechanical potential resulting from the radiation force, with static bista-

bility. Bottom: Corresponding hysteresis observed in sweeping the laser detuning.

1.1.6 Basic optomechanics: Quantum picture

Most of the experiments to date can be described using the regime of �linearized
optomechanics�. Assume a strong laser-drive, such that

â = (α+ δâ) e−iωLt , (1.11)

where α = √
nphot is the amplitude of the light �eld inside the cavity (here assumed

real-valued without loss of generality). Thus, when expanding the photon number, we
get

â†â = α2 + α(δâ+ δâ†) + δâ†δâ .

We neglect the last term (much smaller than the second for large drive), and omit
the �rst (which only gives rise to an average classical force). Thus we obtain the
Hamiltonian of linearized optomechanics:

Ĥ ≈ −~g0α(δâ† + δâ)(b̂+ b̂†) +

~Ωb̂†b̂− ~∆δâ†δâ+ . . . (1.12)

Here we went into a frame rotating at the laser frequency (see the de�nition of δâ
above), which introduces the laser detuning

∆ ≡ ωL − ωcav . (1.13)

The omitted terms (. . .) do not contain the laser drive anymore, since that has been
taken care of by shifting â. The Hamiltonian (1.12) will be the basis for much of our
discussion. We can introduce the (driving-enhanced) optomechanical coupling strength
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Fig. 1.3 Schematic of the standard optomechanical system, in the linearized coupling ap-

proximation. A laser-tunable e�ective coupling g = g0α connects the mechanical oscillator

and the laser-driven cavity, with the detuning ∆ = ωL − ωcav.

g = g0α , (1.14)

which can be tuned by the amplitude of the incoming laser drive. All experiments
to date rely on this driving-enhanced coupling g. Later, we will even see that time-
dependent modulation of g can be exploited. In summary, the linearized optomechan-
ical interaction is

−~g(δâ+ δâ†)(b̂+ b̂†) . (1.15)

We thus arrive at the picture of two coupled oscillators, a mechanical oscillator
b̂ and a laser-driven cavity mode δâ, at frequencies Ω and −∆, respectively. It is
important to remember, though, that δâ describes the excitations on top of the strongly
driven cavity �eld. The shifted oscillator δâ itself is in its ground state (since we have
subtracted the large coherent state amplitude α). Putting a single photon into the
oscillator δâ (i.e. δâ†δâ = 1) would not be equivalent to adding a photon to the cavity
�eld!

Starting from this Hamiltonian, we can brie�y give an overview over the most
important optomechanical e�ects (only some of which have already been observed ex-
perimentally until now!). These are selected by picking the right laser detuning ∆. We
will later discuss many of these e�ects in more detail.

Red-detuned regime ∆ = −Ω: Omitting all o�-resonant terms (�rotating wave
approximation�), the coupling reduces to:

δâ†b̂+ δâb̂† ,

which describes state exchange between two resonant oscillators (or a beam splitter,
in quantum optics language). This can be used for

• State transfer between phonons and photons (this needs g > κ, in which case one

observes hybridization between δâ and b̂, i.e. a peak splitting in the mechanical
or optical response, the so-called �strong coupling regime� of optomechanics)
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• Cooling (note that δâ is an oscillator at zero temperature, which can take up the
surplus energy of the mechanical mode; Fermi's Golden Rule yields a cooling rate
∼ g2/κ)

Blue-detuned regime ∆ = +Ω: The resonant terms are

b̂δâ+ b̂†δâ† , (1.16)

which is a �two-mode squeezing� Hamiltonian. The following features may be observed:

• Two-mode squeezing, entanglement

• �Mechanical lasing� instability (self-sustained optomechanical oscillations), if the
growth of the mechanical energy overwhelms the intrinsic losses due to mechanical
friction

On-resonance regime ∆ = 0: We get

(δâ+ δâ†)x̂ ,

which means the optical state experiences a shift proportional to the displacement.
This translates into a phase shift of the re�ected/transmitted light beam, which can be
used to read out the mechanical motion. In this regime, the cavity is simply operated
as an interferometer!

Large detuning |∆| � Ω, κ: We can use second-order perturbation theory to elimi-
nate the driven cavity mode, which leads to

Ĥeff = . . .+ ~
g2

∆
(b̂+ b̂†)2 . (1.17)

This is, once again, the optical spring e�ect. We realize the spring constant can be
varied by changing the detuning or the laser drive.

1.2 Basic linearized dynamics of optomechanical systems

1.2.1 Light-induced change of mechanical response

Both the optical spring e�ect and the optomechanical damping rate can be understood
as aspects of the light-induced modi�cation of the mechanical response.

Start from the classical equations of motion (e.g. derive Heisenberg equations from
˙̂a = [â, Ĥ]/i~ etc. and then consider the classical limit, with α = 〈â〉 and x = 〈x̂〉):

ẍ = −Ω2(x− x0)− Γẋ+ (Frad + Fext)/m (1.18)

α̇ = [i(∆ +Gx)− κ/2]α+
κ

2
αmax (1.19)

Here we have set G = g0/xZPF and introduced the laser drive amplitude via αmax,

which is the light amplitude obtained when driving at resonance. Frad = (~ωcav/L) |α|2
is the radiation pressure force. These coupled nonlinear equations contain all the dy-
namics of a single optomechanical system, including the instability and even chaotic
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motion! They can easily be solved numerically, although a full overview of the intricate
dynamics in the nonlinear regime is still lacking even now.

However, here we want to linearize, to �gure out the mechanical response to some
small external force Fext. We set

x(t) = x̄+ δx(t) (1.20)

α(t) = ᾱ+ δα(t) (1.21)

Then we expand the equations to linear order and eliminate δα, in Fourier space.
We obtain the frequency-dependent mechanical response [where δx[ω] =

�
dteiωtδx(t)]:

δx[ω] =
Fext[ω]/m

Ω2 − ω2 − iωΓ + Σopt(ω)
. (1.22)

Here all the light-induced modi�cations of the mechanical response are summarized in
the �self-energy�

Σopt(ω) ≈ −2ig2ω[χc(ω)− χ∗x(−ω)] , (1.23)

where χc(ω) = [−iω − i∆ + κ/2]−1 is the cavity response function.
If the coupling g is weak, there are just two e�ects which can be quantitatively

obtained by evaluating Σopt(ω) at the unperturbed resonance ω = Ω.
The light-induced frequency shift:

δΩ ≈ ReΣopt(ω = Ω)
2Ω

. (1.24)

Again, this is the optical spring e�ect, but know for arbitrary detuning.
The optomechanical damping rate:

Γopt ≈ −
ImΣopt(ω = Ω)

Ω
. (1.25)

These two quantities are strongly dependent on detuning and on the ratio Ω/κ. For red
detuning ∆ < 0, one obtains extra damping (Γopt > 0), while there is anti-damping,
leading to heating, for ∆ > 0. The frequency shift δΩ is negative for red detuning and
positive for blue detuning, in the limit Ω � κ. It shows more complicated dispersive
behaviour for Ω � κ.

Strong coupling regime: Interestingly, we can still make use of the expression
for the mechanical response, Eq. (1.22), even when g > κ (strong coupling regime).
However, then we have to keep the full frequency dependence in Σopt(ω). One observes
that in this regime the mechanical response has two distinct peaks (rather than one),
and they are separated by 2g. This is the peak splitting characteristic of hybridization
between two oscillator modes (here: the mechanical mode and the laser-driven cavity
mode). As we mentioned before, this is also the regime in which coherent excitations
can be transferred between the laser-driven mode and the mechanical mode.
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Fig. 1.4 Optomechanical damping rate and optical spring e�ect (mechanical frequency shift)

versus laser detuning, for various values of κ/Ω.

1.2.2 Quantum limit of optomechanical cooling

The damping/cooling rate Γopt can be increased, in principle, to arbitrary values by
ramping up the laser intensity. In a classical theory, the e�ective temperature of the
mechanical mode would then go to zero, according to Teff = TΓ/(Γopt + Γ). However,
the shot noise �uctuations of the photon �eld prevent this simple picture from being
true. We will brie�y indicate the very generally applicable �quantum noise� approach to
this problem (which reiterates our treatment in (Marquardt, Chen, Clerk and Girvin,
2007)).

Assume any quantum system coupled weakly to an arbitrary bath, via V̂ = −F̂ x̂,
where F̂ refers to the bath and x̂ to the system. One can show that Fermi's Golden
Rule yields a transition rate between system levels i and f given by

Γf←i =
1
~2
SFF

(
ω =

Ei − Ef

~

)
|〈f |x̂| i〉|2 , (1.26)

with the quantum noise spectrum

SFF (ω) ≡
�
dt eiωt

〈
F̂ (t)F̂ (0)

〉
. (1.27)

Here the expectation value and the evolution of F̂ are taken with respect to the
uncoupled system (i.e. SFF is a property of the bath only). In general SFF (ω) is not
symmetric in ω, but it is always real-valued and positive.

If the system is a harmonic oscillator, the spectrum need be evaluated only at
ω = ±Ω. Then we can attach an e�ective temperature to the bath at this frequency,
which is also the temperature that the oscillator settles into if it is only coupled to
that bath (and nothing else). Detailed balance (the �Stokes relation�) yields

e~Ω/kBTeff ≡ Γ0←1

Γ1←0
=

SFF (ω = Ω)
SFF (ω = −Ω)

. (1.28)
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Now the Bose-Einstein distribution means the Stokes factor on the left hand side is
also equal to n̄/(n̄+ 1), where n̄ is the steady-state average phonon number that the
oscillator settles into. That means, we get:

n̄ =
[
SFF (ω = Ω)
SFF (ω = −Ω)

− 1
]−1

. (1.29)

This is still completely general (for weak coupling to any bath). Now, for the optome-
chanical case, F̂ = (~ωcav/L)â†â = (~g0/xZPF)â†â is the radiation force. We can cal-
culate its correlator and its spectrum by using â = (α+δâ)e−iωLt and

〈
δâ(t)δâ†(0)

〉
=

exp(i∆t− (κ/2) |t|). We �nd

x2
ZPF

~2
SFF (ω) = g2

0

κnphot

(ω + ∆)2 + (κ/2)2
.

Per Eq. (1.29), this leads to a minimum phonon number reachable in optomechanical
cooling which is (in the �resolved sideband regime� Ω � κ, at ∆ = −Ω):

n̄min =
( κ

4Ω

)2

. (1.30)

Apparently, in the resolved sideband regime, the phonon number can become smaller
than 1 and the system gets close to the mechanical ground state (Marquardt, Chen,
Clerk and Girvin, 2007; Wilson-Rae, Nooshi, Zwerger and Kippenberg, 2007). First
optomechanical cooling experiments started in 2004 with a photothermal force (Höh-
berger Metzger and Karrai, 2004), and then in 2006 with true radiation pressure
forces (Arcizet, Cohadon, Briant, Pinard and Heidmann, 2006; Gigan, Böhm, Pater-
nostro, Blaser, Langer, Hertzberg, Schwab, Bäuerle, Aspelmeyer and Zeilinger, 2006;
Schliesser, Del'Haye, Nooshi, Vahala and Kippenberg, 2006). However, many chal-
lenges had to be overcome to cool to the ground state. This has been achieved only
very recently (spring 2011) for an optomechanical setup with optical radiation (Painter
lab, (Chan et al., 2011)) and also for a microwave setup (Teufel et al., (Teufel et al.,
2011)). These experiments have opened the door to the quantum regime of optome-
chanics.

Incidentally, we note that the optomechanical damping rate can also be expressed
via SFF , as:

Γopt =
1
~2
x2

ZPF[SFF (ω = Ω)− SFF (ω = −Ω)] . (1.31)

This co-incides with the expression from the classical linearized analysis, when taking
into account g2 = g2

0nphot.

1.2.3 Displacement readout

We brie�y discuss the measurement of x(t), whose precision is limited by the so-called
�standard quantum limit� (SQL) of displacement detection. A much more extended
discussion on the quantum limits of measurement and ampli�cation can be found in
the lecture notes by Aashish Clerk, as well as in the review (Clerk, Devoret, Girvin,
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Fig. 1.5 The trajectory of a harmonic oscillator in thermal equilibrium.

Marquardt and Schoelkopf, 2010) and in the book (Braginsky and Khalili, 1995). An
alternative discussion, geared towards electromechanical circuits, can be found in the
lecture notes by Konrad Lehnert.

The phase shift of the re�ected light is linear in the displacement (for small dis-
placements). It is set by the optical frequency shift multiplied by the photon lifetime:
θ ∼ (ωcav/κ)(x/L). A direct observation of x(t) in the time-domain, for an oscillator
in thermal equilibrium, would exhibit an oscillation at Ω, whose amplitude and phase
slowly �uctuate on a time-scale 1/Γ. The total size of the �uctuations is determined
by the equipartition theorem, i.e. mΩ2

〈
x2

〉
/2 = kBT/2.

However, since the phase shift measurement is sensitive to all mechanical normal
modes simultaneously, it is better to go into frequency space and look at the noise
spectrum, as obtained experimentally via a spectrum analyzer from the phase shift
signal. The symmetrized displacement noise spectrum, S̄xx(ω) = [Sxx(ω)+Sxx(−ω)]/2,
is related to the susceptibility of the harmonic oscillator via the �uctuation-dissipation
theorem:

S̄xx(ω) = 2~ coth
(

~ω
kBT

)
Imχxx(ω) , (1.32)

where δx[ω] = χxx(ω)Fext[ω] de�nes the susceptibility, i.e. χxx(ω) = [Ω2 − ω2 −
iωΓ]−1m−1. S̄xx(ω) consists of two Lorentzians, centered at ω = ±Ω, with a width set
by Γ, and an area proportional to the temperature:

� +∞

−∞
dωS̄xx(ω) =

〈
x(0)2

〉
= kBT/mΩ2 , (1.33)

with the last equality evaluated in the classical limit.
Now the measured signal also contains contributions from the noise in the phase

shift determination (�imprecision noise�), and from some additional noisy component
of the motion that is driven by the �uctuating radiation pressure force (�back-action
noise�), whose noise spectrum had been calculated in the section on cooling:

xmeas(t) = x(t) + δximp(t) + δxback−action(t) . (1.34)

Thus, the total measured noise spectrum S̄meas
xx (ω) contains both of these extra noise

contributions. One may try to reduce the imprecision noise by increasing the laser
intensity. However, this will enhance the back-action noise. There is always an optimum
at intermediate laser intensity, and it is set by the SQL:
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Fig. 1.6 The measured noise spectrum, with extra contributions from the imprecision noise

(phase shift �uctuations) and from the back-action noise (induced by the �uctuating radiation

force). There is an optimum at intermediate laser power, i.e. intermediate �measurement rate�,

and it is set by the SQL.

S̄added
xx (ω) ≥ S̄T=0

xx (ω) , (1.35)

i.e. the minimum added noise is equal to the zero-point �uctuations. When measur-
ing at the mechanical resonance, this means that one can resolve x(t) down to the
mechanical zero-point �uctuations during the damping time Γ−1 (but no further).

The reason for this limit is ultimately Heisenberg's uncertainty relation: The weak,
continuous measurement of the full mechanical trajectory x(t) that is performed in
this interferometric setup cannot be in�nitely precise, because this would amount to
a simultaneous determination of position and momentum at any given time. This can
be seen most easily when decomposing the trajectory into �quadratures�:

x̂(t) = x̂(0) cos(Ωt) +
p̂(0)
mΩ

sin(Ωt) . (1.36)

Optomechanical experiments have already reached the regime where the imprecision
noise alone would fall below the SQL (which means that the back-action noise already
has to be appreciable). You can read more about that in the lectures by Konrad
Lehnert, whose group has pioneered an optomechanical setup involving a microwave
resonator coupled to nanomechanical motion.

1.3 Nonlinear dynamics

Recall the detuning dependence of the light-induced optomechanical damping rate
Γopt(∆). At blue detuning, Γopt becomes negative, such that the full damping rate of
the mechanical system is reduced below its intrinsic value Γ:

Γfull = Γ + Γopt(∆) . (1.37)

What happens if Γfull itself gets negative, which will eventually happen for su�-
ciently large laser drive? Then the mechanical system is unstable, and any small initial
�uctuation of x(t) will grow exponentially. The energy will increase as exp(|Γfull| t).
Finally, this growth saturates due to nonlinear e�ects, and the mechanical oscillator
settles into a regime of �self-sustained oscillations� (see e.g. (Höhberger and Karrai,
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Fig. 1.7 The attractor diagram is obtained by demanding the power fed into the mechanical

oscillation by the radiation force to equal the power lost due to mechanical friction.

2004; Kippenberg, Rokhsari, Carmon, Scherer and Vahala, 2005; Metzger, Favero, Or-
tlieb and Karrai, 2008) for experiments, and (Marquardt, Harris and Girvin, 2006;
Ludwig, Kubala and Marquardt, 2008) for theory). The power input needed to sus-
tain these oscillations (against the intrinsic mechanical friction) is provided by the
radiation force. This is completely analogous to the working of a laser, where some
pump provides always replenishes the coherent lasing oscillations. For that reason, the
phenomenon encountered here is also sometimes called �mechanical lasing� (or, in the
quantum regime, �phonon lasing�).

The oscillation amplitude A depends on all the microscopic parameters, like de-
tuning ∆, laser drive power, etc. A plot of A vs. ∆ (or any other parameter) would
reveal that it grows like

√
∆−∆c just above the threshold ∆c. Mathematically, this

behaviour is known as a �Hopf bifurcation�. Interestingly, there are also attractors
(stable values of A) which are not smoothly connected to the A = 0 solution, starting
out immediately at a �nite amplitude. The presence of multiple stable attractors for
a given set of external parameters is known as �dynamical multistability�.

The amplitude A can be found from the �power balance� condition

〈F (t)ẋ〉t = Γ
〈
ẋ2

〉
t
, (1.38)

where one would make the ansatz (supported by numerics) of simple sinusoidal oscil-
lations at the original mechanical eigenfrequency:

x(t) = x0 +A cos(Ωt) . (1.39)

The radiation force F ∝ |α(t)|2 would then be calculated from the solution for the
light amplitude α(t), which can be obtained exactly as a Fourier series, given this
particular form of x(t).
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We note several interesting aspects of the nonlinear dynamical regime:

• At larger laser drive, the system displays chaotic motion, where the simple ansatz
for x(t) ceases to be a good approximation (Carmon, Cross and Vahala, 2007).
This is still mostly unexplored.

• The phase of the oscillation is picked at random, but it is �xed in time in the ideal
case. Any noise (e.g. thermal Langevin forces) will lead to a slow phase di�usion
which gets more pronounced for smaller amplitudes, i.e. close to the threshold
(like in a laser).

• Noise forces can also lead to stochastic jumps between attractors. One can ascribe
an e�ective potential to the slow motion of the amplitude, and one �nds Arrhenius-
type expressions for the noise-induced tunneling between minima in this potential.
Again, this has yet to be observed.

• Coupling many such optomechanical self-sustained oscillators (little �clocks�) can
lead to synchronization (Heinrich, Ludwig, Qian, Kubala and Marquardt, 2011),
an interesting and universal collective phenomenon! This is also helpful in reducing
the e�ects of noise, making the clocks more stable.

• In the quantum regime, quantum �uctuations are ampli�ed strongly just below
threshold, which is no longer sharp. A phase space plot of the mechanical Wigner
density reveals the co-existence of several attractors. The same is also found in
the phonon number distribution, which therefore displays large �uctuations.

1.4 Basic quantum state manipulations

1.4.1 Squeezing the light �eld

One of the simplest non-trivial quantum states of a harmonic oscillator is a squeezed
state, where the position and momentum uncertainty still achieve the Heisenberg
bound, but are not equal to the ground state uncertainties. For example, the posi-
tion uncertainty may be reduced, at the expense of the momentum uncertainty. For a
light beam, it is better to talk about uncertainties of amplitude and phase. Squeezing
these �uctuations in a light beam is important for being able to perform interferometric
measurements with a precision that goes beyond the standard quantum limit, as was
�rst recognized for the case of laser-interferometric gravitational wave observatories.

An optomechanical system can be viewed as an e�ective Kerr medium, i.e. pro-
viding a nonlinearity for the photon �eld, with some time-delayed response (Fabre,
Pinard, Bourzeix, Heidmann, Giacobino and Reynaud, 1994). In the simplest case, for
large κ � Ω, we can write ωcav = ωcav(x(I)) for the optical resonance of the cavity
depending on intensity I. This is analogous to having a medium inside the cavity with
an intensity-dependent refractive index.

Thus, an incoming laser beam with intensity �uctuations may have these �uctua-
tions reduced after back-re�ection from an optomechanical system (�amplitude squeez-
ing�). Note that this can happen only at �nite frequencies of the intensity �uctuations,
since at zero frequency the intensity going into a one-sided cavity must equal exactly
the intensity going out of the cavity (neglecting losses). When plotting the intensity
noise spectrum SII(ω) against �uctuation frequency ω, one �nds at low but �nite
frequencies a dip below the constant �white� noise spectrum that characterizes the
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shot noise of a coherent laser beam. The details depend on detuning, laser power,
mechanical frequency, cavity decay rate, etc.

The squeezing spectrum can be obtained by solving the linearized Heisenberg equa-
tions of motion and applying input-output theory, which relates the back-scattered
light �eld to the incoming light �eld and the light amplitude inside the cavity:

âout(t) = âin(t) +
√
κâ(t) . (1.40)

We will not go through this lengthy but straightforward exercise here. However, for ref-
erence, we display the Heisenberg equations of motion (still in their full, non-linearized,
form):

˙̂
b = [−iΩ− Γ/2]b̂+ ig0â

†â−
√

Γb̂in(t) (1.41)

˙̂a = [i(∆ + g0(b̂+ b̂†))− κ/2]â−
√
κâin(t) , (1.42)

where −
√
κ 〈âin〉 = (κ/2)αmax is set by the laser drive amplitude. The �elds b̂in and âin

contain the (quantum and thermal) noise acting on the mechanical and on the optical

mode. One has
〈
âin(t)â†in(0)

〉
= δ(t),

〈
â†in(t)âin(0)

〉
= 0,

〈
b̂in(t)b̂†in(0)

〉
= (nth+1)δ(t),

and
〈
b̂†in(t)b̂in(0)

〉
= nthδ(t).

1.4.2 Squeezing the mechanical motion

A very simple way to produce squeezing in any oscillator is to suddenly change its fre-
quency. Then the former ground state wave function will start to expand and contract.
This process can be made more e�cient by periodically modulating the frequency,
Ω(t). This gives rise to what is known as parametric ampli�cation, and it is the trick
employed by a child on a swing to increase the oscillation amplitude.

Let us brie�y look into the quantum theory of this process. We start from the
Hamiltonian of a parametrically driven harmonic oscillator,

Ĥ = ~Ωb̂†b̂+ ~ε cos(2Ωt)(b̂+ b̂†)2 . (1.43)

Here Ω is the initial frequency. The second term stems from the time-dependent modu-
lation of Ω(t), as in Ω(t)2x̂2. It can be expanded into several terms, many of which (like

e−i2Ωtb̂†b̂) are o�-resonant, which can be seen by inserting the unperturbed Heisenberg

evolution: b̂(t) = b̂(0)e−iΩt. We keep only the resonant terms (�rotating wave approxi-

mation�) and switch into a rotating frame, where b̂old(t) = b̂new(t)e−iΩt. We will again
leave away the superscript in the following. Then we get

Ĥ =
~ε
2

(b̂2 + (b̂†)2) , (1.44)

which is known as a �squeezing Hamiltonian�. The Heisenberg equations of motion,
˙̂
b = [b̂, Ĥ]/i~ = −iεb̂† and ˙̂

b† = iεb̂ are solved by

b̂(t) = b̂(0) cosh(εt)− ib̂†(0) sinh(εt) . (1.45)

Thus, we �nd that the particular quadratures
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(1± i)b̂+ (1∓ i)b̂† ∼ x̂∓ p̂

mΩ
(1.46)

grow (shrink) like e±εt at long times. This then produces a state that is squeezed in
these directions, as can best be observed in a phase space plot.

Coming back to the optomechanical system, we can obviously exploit the optical
spring e�ect to obtain a time-dependent e�ective mechanical frequency, just by mod-
ulating the laser intensity. Let us brie�y recall how the optical spring e�ect would be
derived quantum-mechanically. Starting from the linearized Hamiltonian,

Ĥ = −~∆δâ†δâ− ~g(δâ+ δâ†)(b̂+ b̂†) + . . . . (1.47)

we can apply second-order perturbation theory to eliminate the laser-driven cavity.
This yields

Ĥeff = ~
g2

∆
(b̂+ b̂†)2 + . . . . (1.48)

Now g = g0
√
nphot(t) can be modulated via the laser drive (equivalently, the detuning

may be modulated) (Mari and Eisert, 2009).
We will later see that the optical spring e�ect (and its modulation) are also valuable

tools for producing entanglement.

1.4.3 Quantum-non-demolition (QND) read-out of mechanical
quadratures

Suppose we have produced an interesting mechanical state. How would we go about
characterizing it? Full knowledge of its density matrix would be the optimal goal,
because it allows us to calculate any desired characteristic. Unfortunately, the simple
interferometric displacement measurement will not be su�cient, because its precision
is limited by the standard quantum limit, thus �blurring� all the �ner features of the
mechanical quantum state.

As the SQL is enforced due to Heisenberg's uncertainty relation between the
quadratures, there is a way out: Just measure only one of the quadratures at a time,
to in�nite precision, e.g. x̂ϕ in the decomposition

x̂(t) = x̂ϕ cos(Ωt− ϕ) + ŷϕ sin(Ωt− ϕ) . (1.49)

This is a quantum-non-demolition (QND) measurement, as it can be repeated with the
same result, i.e. it does not destroy the quantum state. Then repeatedly produce the
same state in many runs, eventually obtaining the probability density of that particular
quadrature, p(xϕ). Finally, repeat the same procedure for all angles ϕ. The resulting
set of probability densities can be used to reconstruct the Wigner phase space density

W (x, p) ≡
�

dy

2π~
e−ipy/~ρ(x+

y

2
, x− y

2
) , (1.50)

The p(xϕ) are projections of the Wigner density along all possible directions. The in-
verse Radon transform can be used to reconstruct a two-dimensional density from all
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Fig. 1.8 A simple amplitude modulation of the measurement laser beam yields a selected

mechanical quadrature. Repeating the measurement many times, for di�erent quadrature

phases, will enable full tomographical reconstruction of the mechanical Wigner density.

its one-dimensional projections, a method known as tomography. �Quantum state to-
mography� has already been successfully applied to states of the electromagnetic �eld,
such as Fock states of a well-de�ned photon number, as well as to a nanomechanical
resonator coupled to a superconducting qubit (Cleland and Martinis labs, 2010; using
a method di�erent from quadrature measurements).

Again, returning to optomechanics, how would we measure only a single selected
mechanical quadrature (Clerk, Marquardt and Jacobs, 2008)? First imagine the ef-
fect of a �stroboscopic� measurement of position, at periodic times t + n2π/Ω. The
x-measurement will perturb the momentum, but this will have no e�ect on the x-
�uctuations a full period later (a special property of the harmonic oscillator). Now, it
turns out that the same goal can be achieved just as well by periodically modulating
the amplitude of the incoming measurement laser (like cos(Ωt)). The phase of these
amplitude modulations will then select the phase of the mechanical quadrature to be
measured. All the noisy back-action forces only a�ect the other quadrature, not the
measured one.

1.5 Optomechanical entanglement

1.5.1 Mechanical entanglement via light-induced coupling

Suppose the optical mode couples to two mechanical modes (e.g. two membranes or
nanowires inside a cavity, or two normal modes of one object). Then the linearized
Hamiltonian would be (assuming identical coupling strength):

Ĥ = . . .− ~g(δâ+ δâ†)(X̂1 + X̂2) , (1.51)

where X̂j = b̂j + b̂†j . Again, using 2nd order perturbation theory, we arrive at the
�collective� optical spring e�ect, which couples the di�erent oscillators:

Ĥeff = . . .+
~g2

∆
(X̂1 + X̂2)2 . (1.52)

This is a laser-tunable mechanical coupling. Now if the oscillators are in their ground
state, this coupling will automatically lead to entanglement. At �nite temperatures,
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one will have to employ laser-cooling. There are two alternatives: Either one can cool
quickly into the ground-state, then switch o� the cooling beams and see some transient
entanglement. Otherwise, one can have the cooling laser beam switched on all the time
and obtain steady-state entanglement (e.g. (Hartmann and Plenio, 2008)). The cooling
has to be strong enough to make the coupled system go near its ground state. However,
if it is too strong, the entanglement will be destroyed again (Ludwig, Hammerer and
Marquardt, 2010).

An even more e�cient alternative is to periodically modulate g(t) at a frequency
Ω1+Ω2, to engineer a two-mode squeezing Hamiltonian (Wallquist, Hammerer, Zoller,
Genes, Ludwig, Marquardt, Treutlein, Ye and Kimble, 2010):

Ĥeff = . . .+ ~J(b̂1b̂2 + b̂†1b̂
†
2) , (1.53)

written in RWA, in the rotating frame, where the bare time-evolution of b̂1 and b̂2
has been transformed away. If g(t) is modulated at Ω1 − Ω2, we get a beam-splitter
Hamiltonian that can be used for state-transfer between the mechanical modes:

Ĥeff = . . .+ ~J(b̂†1b̂2 + b̂†2b̂1) . (1.54)

1.5.2 Light-mechanics entanglement

The linearized optomechanical Hamiltonian

Ĥ = ~Ωb̂†b̂− ~∆δâ†δâ− ~g(δâ+ δâ†)(b̂+ b̂†) + . . . (1.55)

describes two coupled harmonic oscillators, in resonance for ∆ = −Ω. In principle,
this is already enough to generate light-mechanics entanglement, and various schemes
have been analyzed. Characterizing the entanglement involves doing homodyne mea-
surements on the light �eld and single-quadrature measurements on the mechanical
oscillator (see above), such that correlators between the light and mechanical quadra-
tures can be extracted. Incidentally, we note that this continuous variable entanglement
(nowadays routinely generated for intense light beams) is the type originally envisioned
by Einstein, Podolsky and Rosen. They had considered an extreme two-mode squeezed
state, ψ ∼ δ(x1 − x2)δ(p1 + p2).

Light-mechanics entanglement in an optomechanical setup can also be analyzed
using the full optomechanical interaction,

−~g0â†â(b̂+ b̂†) . (1.56)

This corresponds to a photon-number dependent force, which shifts the mechanical
potential by a discrete amount, δx̂ = ~g0â†â/(xZPFmΩ2) [�force over spring constant�].
Assume for simplicity that the cavity is initially �lled with a superposition of di�erent
photon numbers,

∑
n cn |n〉 [e.g. a coherent state of the light �eld]. Then for each

photon number the mechanical oscillation will proceed in a harmonic potential that is
shifted by a di�erent amount. The oscillation will be described by a coherent state of
the mechanical motion, |βn(t)〉, with b̂ |βn(t)〉 = βn(t) |βn(t)〉. Thus, after some time,
we have an entangled state (Mancini, Man'ko and Tombesi, 1997; Bose, Jacobs and
Knight, 1997):
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|ψ〉 (t) =
∞∑

n=0

cn |n〉 ⊗ |βn(t)〉 eiϕn(t) . (1.57)

It is interesting to study the ratio between the displacement per photon and the
mechanical zero-point �uctuations:

δx̂/â†â

xZPF
= 2

g0
Ω
. (1.58)

If this is larger than one, then the overlap between the di�erent coherent states almost
vanishes after half a cycle, |〈βn|βn′〉| � 1. One may term this state a �Schrödinger cat
state� in an optomechanical system.

1.6 Fundamental tests of quantum mechanics

As the mechanical objects we are dealing with are relatively large (e.g. about 1014

atoms in a typical cantilever), they might be used to test quantum mechanics in a new
regime, that of large masses. Note that the experiments by Arndt et al., sending buck-
yballs and heavier molecules through interferometers, are dealing only with hundreds
of atoms. It should be stated clearly that so far there is no indication whatsoever (in
all of physics) that quantum mechanics will break down in any regime. Nevertheless,
some researchers worry about the measurement process or about the classical limit
emerging on larger length/mass scales, or about the cosmological implications of a
wave function. There have been proposals that the Schrödinger equation might need
to be modi�ed by small extra terms (maybe arising due to as-yet mysterious e�ects
of quantum gravity). These terms would describe an extra decoherence mechanism
that would fundamentally prevent superpositions to be established on a macroscopic
scale. While all of this is highly speculative, it is true that there have been no tests of
quantum mechanics in the regime of large masses, and optomechanical systems may
o�er a way of testing it.

One early idea (Bose, Jacobs and Knight, 1999; Marshall, Simon, Penrose and
Bouwmeester, 2003) is to extract the decoherence of a mechanical object via the light
�eld. A kind of optomechanical �which-path� setup could be realized by having a
Michelson interferometer with two cavities, one in each arm, and one of them with a
moveable end-mirror. As we have seen in the last section, the resulting superposition
between a 0-photon and a 1-photon state will have its coherence reduced by the over-
lap of the corresponding mechanical states, |ρ10(t)| = |〈β0(t)|β1(t)〉|. This coherence
can be extracted in the photon interference. Neglecting mechanical dissipation and
decoherence, the photon coherence displays periodic revivals, at integer multiples of
the mechanical period. This is even true at higher temperatures. At these times, the
mechanical oscillator comes back to its initial state, thereby erasing the �which-path
information� about the photon going through the optomechanical cavity. Only me-
chanical dissipation (or the extra �collapse of the wave function� speculated about in
extensions of quantum mechanics) will suppress these revivals. The challenge, however,
will be to distinguish the standard sources of decoherence from the hypothetical extra
e�ects.
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For this purpose, it helps to have some idea of the parametric dependence of such
extra decoherence sources. For example, in the proposal on gravitationally induced
decoherence (made independently by Penrose and Diosi (Penrose, 2000; Diósi, 2000)),
the decoherence rate is given determined by the gravitational self-energy of a con�g-
uration where a mass is in a superposition of either here or there. At large distances,
Γϕ ∼ GM2/~R, where R is the size of the object, M its mass, and G Newton's
gravitational constant.

Any such experiment will bene�t greatly from suppressing the ordinary decoher-
ence, as set by the mechanical damping rate Γ that quanti�es the coupling to the
mechanical thermal environment. Therefore, recent proposals of employing levitating
objects (e.g. dielectric spheres trapped in an optical dipole potential (Romero-Isart,
Juan, Quidant and Cirac, 2010; Chang, Regal, Papp, Wilson, Ye, Painter, Kimble and
Zoller, 2010; Barker and Schneider, 2010)) aim to reduce Γ essentially down to zero.

1.7 Hybrid systems

Light couples to atoms or quantum dot excitons, but it also couples to mechanical mo-
tion, which in turn can be made to couple to spins, superconducting qubits, microwave
resonators, or quantum dots.

For example, the motion of one of those mechanical resonators can be made to
couple to a cloud of cold atoms or even to the motion of a single atom inside an
optical lattice potential (Hammerer, Wallquist, Genes, Ludwig, Marquardt, Treutlein,
Zoller, Ye and Kimble, 2009).

Superconducting qubits have been shown to couple strongly to a piezoelectric
nanoresonator (O'Connell, Hofheinz, Ansmann, Bialczak, Lenander, Lucero, Neeley,
Sank, Wang, Weides, Wenner, Martinis and Cleland, 2010). This nanoresonator then
in turn could couple to the light �eld, ultimately allowing transfer between GHz quan-
tum information and �ying qubits. One potential tool to be used in this task is the
photon-phonon translator to be discussed in the last section.

1.8 Ultrastrong coupling

We have seen the mechanical mode and the laser-driven optical mode hybridize in the
�strong coupling� regime g = g0

√
n̄cav > κ. However, the physics there is still described

by two coupled harmonic oscillators. We now want to ask what happens when even
g0, the single-photon coupling rate, gets large by itself.

E�ects of �ultrastrong coupling� g0 (or �single-photon strong coupling�) have been
investigated in early works mostly completely neglecting decay (Mancini, Man'ko and
Tombesi, 1997; Bose, Jacobs and Knight, 1997), and more realistically recently for
the optomechanical instability (Ludwig, Kubala and Marquardt, 2008), for the cavity
spectrum (Nunnenkamp, Borkje and Girvin, 2011), and for optomechanical photon
blockade (Rabl, 2011).

If g0 > κ, then the strong coupling regime exists even for on average 1 photon
inside the cavity. The optical frequency shift produced by the zero-point displacement
becomes large in that case. The linearized Hamiltonian is no longer applicable, and
we have to go back to the full Hamiltonian
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Fig. 1.9 Level scheme (in the rotating frame) for an optomechanical system with a large g0.

In this plot ∆ < 0.

Ĥ = −~g0â†â(b̂+ b̂†) + ~Ωb̂†b̂− ~∆â†â+ . . . (1.59)

As explained before, there is a photon-number dependent shift of the mechanical os-
cillator equilibrium position. We can incorporate this by shifting the mechanical op-
erators, b̂new = b̂old − (g0/Ω)â†â, which is the form suggested by writing the �rst two

terms in the combined form ~Ω(b̂†)newb̂new. We will drop the superscript �new� in the
following. We obtain

Ĥ ′ = ~Ωb̂†b̂− ~∆â†â− ~g2
0

Ω
(â†â)2 + . . . . (1.60)

Apparently, there is an e�ective attractive interaction between photons, mediated
by the mechanics. Note that the transformation Ĥ ′ = Û†ĤÛ can be accomplished
by what in condensed matter physics would be called the �polaron transformation�:
Û = exp[(b̂† − b̂)(g0/Ω)â†â]. This accomplishes the shift of the oscillator's equilibrium
position. Although the terms displayed in Ĥ ′ do not have any interaction between
b̂ and â left, there is another term which we did not explicitly mention so far. The

laser driving ~εL(â + â†) becomes ~εL(â†e(b̂−b̂†)g0/Ω + h.c.) under the unitary trans-
formation. Physically, this means that upon putting another photon inside the cavity,
the oscillator potential is displaced. This creates a more complicated superposition of
phonon states out of what may have been a phonon eigenstate in the old potential.
The overlap matrix elements between the old and new phonon eigenstates are known
as �Franck-Condon factors� in molecular physics (where the role of the photons would
be played by electrons undergoing transitions between di�erent orbitals).

The energy level scheme shows a phonon ladder for each photon number N , being
displaced by an amount −~∆N − ~(g2

0/Ω)N2. Di�erent levels are connected by the
laser drive, and by the decay processes (κ and Γ).

If

g2
0

Ω
> κ , (1.61)
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Fig. 1.10 The �membrane-in-the-middle� setup, where photons tunnel between two opti-

cal resonances (left and right of the membrane). The optical spectrum displays an avoided

crossing, with an x2-dependence on displacement at the degeneracy point.

then the photon anharmonicity induced by the mechanics can be resolved. As a conse-
quence, one may encounter a situation where the transition between 0 and 1 photons is
resonant (horizontal in this level scheme), but the transition between 1 and 2 photons
is o�-resonant (by more than the linewidth). This would be a case of optomechanical
�photon blockade� (Rabl, 2011), leading to anti-bunching of transmitted photons.

1.9 Multimode optomechanical systems

Interesting additional functionality becomes available when one can couple multiple
optical and mechanical modes in some suitable way.

1.9.1 �Membrane in the middle�

One of the simplest such multimode setups is a membrane sitting inside an optical
cavity (as pioneered in Jack Harris' lab at Yale (Thompson, Zwickl, Jayich, Mar-
quardt, Girvin and Harris, 2008; Jayich, Sankey, Zwickl, Yang, Thompson, Girvin,
Clerk, Marquardt and Harris, 2008)). If the membrane is highly re�ective, the setup
can be viewed as two optical modes. These are tunnel-coupled (photon transmission
through the membrane), and their optical frequencies are pulled up/down upon move-
ment of the membrane. The Hamiltonian would be

Ĥ = −~∆(â†LâL + â†RâR)

−~g0(â†LâL − â†RâR)(b̂+ b̂†)

+~J(â†LâR + â†RâL) . (1.62)

If one diagonalizes Ĥ at �xed b̂+ b̂† = X, then one �nds the two optical resonances
show an avoided crossing atX = 0, with a splitting set by 2J . Crucially, this implies the
optical resonance frequencies depend quadratically on displacement at the degeneracy
point (compare the �sweet spot� of a Cooper pair box qubit). Focussing on one of the
resonances, we encounter a new �quadratic� type of optomechanical coupling

~
d2ω

dx2
x2

ZPF(b̂+ b̂†)2â†â (1.63)

Now, in rotating wave approximation we can keep only the non-oscillating terms in
(b̂ + b̂†)2, which amounts to 2b̂†b̂ + 1. This is the phonon number, coupling to the
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photon number! As a consequence, the optical phase shift will becomes a measure of
phonon number, permitting a QND detection of mechanical Fock states. After cooling
down to the mechanical ground state, one would be able to observe a series of quantum
jumps to higher phonon numbers, as thermal phonons leak back into the mechanical
oscillator. Note that this will be a very challenging experiment. If the second mirror
is leaky or there is absorption inside the setup, then extra noise quickly destroys the
ability to perform QND detection. One needs g0 > κabs, where κabs would represent the
unwanted decay channels (not including the coupling through the front mirror, which
is there even in the idealized setup) (Miao, Danilishin, Corbitt and Chen, 2009).

1.9.2 The phonon-photon translator

Here we want to explain the basic idea behind a very nice application of multi-mode
setups, the phonon-photon translator, �rst suggested by the Painter group (Safavi-
Naeini and Painter, 2011). The goal is to convert single optical photons into single
GHz frequency phonons (and back again). When realized, this could be crucial for
quantum information processing.

The �rst question is: how to realize the frequency conversion? Here, two optical
modes come into play. Indeed, we can start from the setup described above, although
it would be realized inside a photonic crystal to obtain GHz mechanical frequency and
be able to engineer photonic and phononic waveguides. We set

â1/2 =
âL ± âR√

2
, (1.64)

in which case the Hamiltonian becomes (at the degeneracy point):

Ĥ = ~ω1â
†
1â1 + ~ω2â

†
2â2 − ~g0(â†1â2 + â†2â1)(b̂+ b̂†) + . . . . (1.65)

Now, if we drive the â2 mode strongly, we can replace the operator by the mean
amplitude, and recover the following Hamiltonian:

Ĥ ≈ −~∆â†1â1 − ~g(â†1 + â1)(b̂+ b̂†) + . . . , (1.66)

where g = g0α2. The idea is similar to the standard approach of the linearized optome-
chanical Hamiltonian. However, physically there is an important di�erence: Here the
â1 operator still refers to real photons (not a shifted �eld mode!). That is essential for
the application in mind. Physically, frequency conversion will be achieved by taking
a photon â1, dumping most of its energy into the coherent stream of photons passing
through â2, and placing the rest into the phonon �eld.

In the following, for brevity we will set â1 7→ â. Then, we have the following
Heisenberg equations of motion, including the damping and the in-coupling �elds:

˙̂a = (i∆− κ/2)â−
√
κâin + ig(b̂+ b̂†) (1.67)

˙̂
b = (−iΩ− Γ/2)b̂−

√
Γb̂in + ig(â+ â†) (1.68)

In contrast to the usual case, we will assume the setup involves a phononic waveguide
coupled to b̂. This waveguide transports away the phonons created inside the mode,
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Fig. 1.11 The photon-phonon translator. An essential ingredient consists in matching the

e�ective coupling to the incoming photon �eld and the outgoing phonon �eld, by demanding

Γ|ψb|2 = κ|ψa|2. Then, incoming photons will be converted 100% into outgoing phonons

(traveling along a phonon waveguide).

and it provides the dominant decay channel (ideally, all of Γ is due to this coupling).

Note that we will drop the o�-resonant terms b̂† and â† on the right-hand-side.
Applying input-output theory, we have

b̂out = b̂in +
√

Γb̂ = . . . = Sbbb̂in + Sbaâin . (1.69)

Here the strategy would be to eliminate â and b̂ and write the result fully in terms of
the incoming �elds. In other words, we want to obtain the scattering matrix of this
setup. Our goal will be to make the prefactor Sbb equal to zero. Then, one will have
perfect transmission from the photon �eld into the phonon �eld (and |Sba| = 1). As Sbb

is complex-valued, these are two equations. However, we can choose two parameters,
e.g. g and ∆, to ful�ll both of these equations.

Instead of going through the math and writing down the full expression for Sbb,
we can also appeal to physical intuition. We are in fact facing an impedance-matching
problem: Usually Γ � κ, and we have to �nd a way of still transmitting 100%.

The equations of motion correspond to the case of a cavity with unequal end-
mirrors (transmissions characterized by Γ and κ). Usually, one cannot get perfect
transmission in that case, except if one applies a trick: Inserting another mirror into
the middle of the cavity (transmission set by g), we will get a hybridization of modes
in the left and right half of this �ctitious cavity (not to be confused with the original
membrane in the middle!). If the original frequencies of the left/right mode are Ω
(−∆), then the hybridized frequencies are

ω± =
Ω−∆

2
±

√(
Ω + ∆

2

)2

+ g2 . (1.70)

The �molecular orbital� of the upper mode (ω+ ≈ Ω by assumption) will have ampli-
tudes ψb and ψa in the left (right) cavity, with ψb dominating. We want to match the
decay rates, by demanding

Γ |ψb|2 = κ |ψa|2 . (1.71)
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On the other hand, the eigenvalue problem tells us that the ratio of probabilities is
just given by

|ψa|2

|ψb|2
≈ g2

(Ω + ∆)2
=

Γ
κ
, (1.72)

where we have assumed Ω + ∆ � g. This is, �nally, the condition we have to ful�ll
to obtain perfect transmission when irradiating the setup at the upper frequency ω+.
Then, indeed, one obtains the desired photon-phonon translator (which can be run
both ways). Having such a scheme allows for several interesting applications (Safavi-
Naeini and Painter, 2011):

• phonon/photon conversion

• single phonon detection via single photon detection

• storing light/delaying light in a long-lived phonon memory

• frequency-�ltering optical signals (the bandwidth is set by Γ)

1.9.3 Collective dynamics of optomechanical arrays

The photonic crystal design, with strongly localized optical and vibrational modes, can
be engineered to build arrays of many coupled modes (Chang, Safavi-Naeini, Hafezi
and Painter, 2011; Heinrich, Ludwig, Qian, Kubala and Marquardt, 2011).

Even in the classical regime, one may be able to observe very interesting (and
useful) collective dynamics, by coupling many optomechanical self-induced oscillations.
This gives rise to synchronization (Heinrich, Ludwig, Qian, Kubala and Marquardt,
2011) between the oscillations, possibly important for metrology and time-keeping.

In the quantum regime, one might use arrays to transfer quantum states between
di�erent optical and mechanical modes, or entangle them selectively. If one reaches the
ultrastrong coupling regime (say, g2

0/Ω > κ), then one will be able to observe nonlinear
quantum many-body physics in these optomechanical arrays. The investigations into
these possibilities are presently only starting to emerge.
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